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Math 729

October 20, 2009

Math Circle Lesson Plan

Overview:  Borrowing from Tom Davis and Keith Riding, I will be demonstrating a card trick to Bayview Math Circle students, and subsequently allowing them to explore how it works.  As in a typical card trick, the subject chooses a card, and I inevitably tell them the card.  As a twist, the subject is allowed to determine where in the deck the card will appear (eg fifth card, 23rd card, etc.).  After presenting the trick several times, students will be encouraged to discover the mechanics of the trick.  The trick hinges on use of modular or base three arithmetic.  Goals include developing inductive reasoning skills, learning base 3 arithmetic and simple combinatorics.

Materials needed:  Several decks of standard playing cards, pencils and paper.

Mathematical background:  This activity is best understood with some combinatorics knowledge, or average reasoning skills.  At most, performing the trick requires knowledge of modular arithmetic.  This is not required, but is helpful when explaining the mechanics of the card trick.  This activity can lead to discussions of base 3 arithmetic, modular arithmetic in general, and combinatorics.  It may be useful to introduce some combinatorics or modular arithmetic facts before the activity begins, depending on the students' reasoning abilities, as well as the length of the session.  Longer sessions may leave students to present these facts toward the end.

Execution:  The card trick in question is played out as follows:  Out of our standard 52 card deck, choose 27 cards.  These cards can be chosen arbitrarily, or be ordered in some fashion.  Due to the nature of the activity, arbitrary cards may require more work on the part of the students; it may be best to use a deck consisting of the cards ace through nine from three suits to aid students in understanding.  Since we have 27 cards, each can be placed in a 3x3x3 matrix.  Lacking easy access to such a matrix, we deal these 27 cards in three columns of nine.  Have the student choose one card (not revealing this card to you).  Also, ask the student to pick a number between 1 and 27—this number should be revealed to the mathemagician.  Let this number be n.


Our goal now is to determine the student's card and place it in the nth position in the deck.  We will ask the student to point out the column their card is in.  This reduces the possibilities of their card by one-third.  Pick up their cards, and deal them out from left to right, top to bottom.  This ensures the student's chosen column is spread equally about the three new columns.   We again ask the students to choose the column their card is in.  Because of the manner in which we dealt the cards, there are now only three options for our students card (since there are only three cards from the original column in each new column).  Repeating this picking up and dealing process again, we know the student's card with certainty.  The difficulty with this method is that without any organization of the cards, one has to pay close attention to how the cards are moving each time.  We can either organize the cards initially, or as we go.


Organizing the cards initially can be the most instructive approach.  If, as suggested previously, we select our 27 cards to be from three suits, and are 1-9 of each suit, it can be easy to determine the subject's card.  On the initial deal, organize the cards such that each suit is in its own column, and organize the columns numerically.  When the student first chooses her card, we know the suit of the card, and so we only need to pay attention to a particular subset of the cards from here onward.  When we deal the cards out the second time, the three columns represent the three equivalence classes modulo three.  That is, each card in one column will have remainder one if we divide the number on the card by three, each card in another column will have remainder two, and each card in the third column will be divisible by three.  Once the student selects her card this time around, we know the suit of the card and its equivalence modulo three.  There are now only three possibilities for the student's card.  After picking up the cards and dealing them out the same way as before, each of those three possibilities is in a separate column.  Therefore, when the student chooses a column a third time, we know precisely which card the student selected initially.  In short, starting with 27 cards, we reduce the possible choices for the students card by one-third each time the cards are dealt.  The third time they select a column, we know precisely which card is their's.


The above method, however, will not ensure the card is placed in a particular position in the deck; rather, it only guarantees the mathemagician knows which card is the chosen one.  To place the card in a particular position in the deck, we must organize the cards as we go.  Working backwards, we see that on the third pickup, picking up each column places it in either the first, second, or third portion of the 27 card deck.  Therefore, to place the chosen card at the nth position of the deck (the subject's chosen number), we must decide which third of the deck that number falls in.  When the student chooses the column the third time, we pickup the cards accordingly, and their card will lie in the desired portion of the deck.


Continuing to work backwards, we realize the second pickup is a bit trickier.  Whenever we pick up cards and then deal them out, what was previously a column becomes a three by three matrix.  Recall that on the final pickup, we choose which third of the deck to place the card in.  When we pickup the desired column, we note that it has three representatives from each of these three by three matrices.  Since the order of column pickups the second time determines which of these matrices the student's card is in, we can pickup the cards the second time around so as to narrow the position of the cards in the deck further.  To do this, take the student's number and divide by three, and then round up.  This is equivalent to taking objects numbered 1-27, placing them in order and then partitioning them into nine groups of three.  We want to use this to somehow dictate which of our three by three matrices to place the student's card in.  Therefore, after dividing by three and rounding up, consider the result modulo three.  If the result is one, pickup the chosen column first.  If two, pickup the chosen column second, and pickup the chosen column third if the result is zero.  This, combined with the third pickup, will guarantee the student's card ends up in the desired ninth of the deck.


Our first pickup, then, will help finish the organization process.  Again, picking up columns and dealing them will result in each column being placed in its own three by three matrix.  When we pickup columns the second time, that matrix is broken up, and so on the third deal the column the student chose to begin with is placed in three different rows.  Important to note is that each of these rows have the same equivalence modulo three.  Therefore, when picking up the cards the first time, consider the student's number modulo three.  If it is one, pick that column up first.  This will place the students card in either the first, fourth, or seventh row on the third deal.  Similarly, if the student's number is equivalent to two or zero modulo three, pickup the chosen column second or third, respectively.   Since the second pickup determines the placement of the student's card in one of the three 3x3 matrices in the third deal, our first deal combined with our second deal will determine precisely the row of the student's card in the third deal.


To better illustrate this, consider 27 cards, each labeled with a letter of the English alphabet, and with the final card labeled AA.  These cards are ordered alphabetically, with AA placed at the end.  They are dealt out from left to right, top to bottom.  Suppose the student picks the number 22.  The student then chooses the first.  We pick up that column first, since 22/3 has remainder 1.  The other two columns are placed under it, and the cards are dealt out as before.  The student then chooses the second column.  We pickup this column second, since, if we partition our numbers into groups of three, 22 is in the seventh group (which has remainder two when divided by three):

[1 2 3]  [4 5 6]  [7 8 9]  [10 11 12]  [13 14 15]  [16 17 18]  [19 20 21]  [22 23 24]  [25 26 27]

The third time around, the student chooses the first column.  We pick this column up third, since 22 is in the third group of 9:

[1 2 3 4 5 6 7 8 9]  [10 11 12 13 14 15 16 17 18]  [19 20 21 22 23 24 25 26 27]

Looking at the picture below, we can see that the letter “D” is the only card in all three of the chosen columns.  Further, we can see that on the third pickup, “D” will be the fourth card down on the chosen column.  Since this column will be picked up third, the “D” card will have 18+3 cards before it, making it the 22nd card in the deck.
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Another example is the following diagram, taken from Tom Davis.  This shows the result when our student chooses the number 14.  The student selects the third column on the first two iterations.  14 is 2 modulo 3, so we pickup the spade column second.  We then have that 14 is in the fifth group of three, and so we choose the right most column second.  Note that those remaining three cards (3, 6, 9 of spades) are in the fifth row in our third 9 by 3 matrix.  Therefore, when the student chooses her next column, picking that column up second will give that the desired card is in the 9+5=14th position in the deck, as promised.
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To recap, we have a student choose a card from twenty-seven cards laid on a table, without telling the mathemagician the card.  The student then chooses a number between one and twenty seven (n).  After both choices have been made, the student should point out the column location of their selected card.  For n mod 3=1 2, and 0, pick up their chosen column first, second or third, respectively.  Each time you pick up a column, be sure not to change the ordering of the cards in the column.  Further, be sure to place the cards in each column face down, and place subsequent column under the first one, still face down.  Deal the 27 cards again from the top of the deck, being sure to deal into the nine by three matrix again.  Be sure to deal the cards from left to right, top to bottom.  Again, ask the student to point out their column.  This time, consider the ceiling [greatest integer] of their number divided by 3 (eg. If the number is 17, the ceiling of 17/3 is 6).  Take that number modulo 3 (note:  this is equivalent to taking our numbers and partitioning them into groups of three; think about this step in whichever manner is most convenient).  For 1, 2 and 0, pick up their chosen column first, second or third, respectively.  Again, deal the cards horizontally, and have the student pick a column.  This last time, consider the ceiling of the students number divided by nine (again, equivalent  to separating the cards into three groups of nine).  For 1, 2, and 3, pick up the chosen column first, second, or third respectively.  The students card will now be the nth card in the deck.

Lesson plan:  This is designed to be a math circle activity, though may work in a more structured sense in certain classrooms.  The easiest way to demonstrate the activity for a large group is to have several instructors, and have the classroom partitioned into groups of some size.  Each instructor can be responsible for showing the trick to several groups if needed.  The size of the cards inhibits a good class-wide demonstration, though one could have students gather around the table or some open area on the floor.  Another idea is to have document projector set up.  After this trick is performed a couple times over, release the students to their respective tables and have them work on the mechanics of the trick.  Each table will need a supervisory figure of sorts, as the presence of playing cards will encourage students to play games, rather than work on the activity at hand.  As mentioned before, it can be instructive to review basic combinatorics or number theory before the start of the lesson—your mileage may vary.


A colleague recommended using an odometer as an analogy for teaching base n arithmetic as follows:  imagine you have an odometer, but instead of ten symbols on each dial, there are n symbols.  If one starts at zero and travels n miles (or, generally, units), there are no more digits on that dial on the odometer.  To compensate, we increment the dial on the left by one and start again.  Each time we travel another n units, we roll the first dial back to zero and increment the second dial by one.  This process can be continued for arbitrarily many dials.  With modular arithmetic, we divide a particular number by n and then look at the remainder.  This is equivalent to taking a number in base n and looking at solely the first digit.

Helpful hints:  This is a challenging trick to get one's head around, as the math is completely hidden from the students when one demonstrates the trick.  Further, the ordering of the column pickups (as described above) is not completely intuitive, nor is it terribly simple.  Because of this, the students will invariably need several hints.  For this activity, the best hint is to suggest the students work on a simpler problem, and there are several ways this can be done.


Our first simplification is to use a smaller number of cards.  If the students don't see the prevalence of the number three in our example, this may work especially well.  Suggest the students use four or eight cards.  If not, the students can work with those sets of cards for a period of time.  This will allow them to see the way in which one can narrow down the cards.  Repetition at this level may also assist students in determining how the card is placed in the correct space within the deck, though this quickly becomes a more complicated question.


Another simplification is to use cards ordered in some fashion.  In Tom Davis' image above, the chosen cards are 1-9 in three suits.  Carefully choosing cards can allow students to see what happens each time cards are picked up, and the resulting ordering that ensues.  Combining this with the previous idea, students should be able to discern another students card by the third column selection.  From here, they can work on how to place the cards in the desired position.  An easy way to guide this task is using the example of 14 above.  14 is directly in the middle of 27, and we pick up the chosen column second each time.  From this, students can start to realize the requirements for placing a selected card in the desired position.


Given the average amount of math activity in an average math circle is 40-50 minutes, and considering the difficulty of the question at hand, many students will not learn how to discern their subjects card, and likely will only begin that question as time is running out.  Allowing students to explain their reasoning at the end of the session, followed by an instructor recap, will easily fill the time.  Thus, it is reasonable to fit this activity into two distinct sessions:  one concerned primarily with base three arithmetic and inductive reasoning (in the form of finding a particular card out of 27), and the second concerned with using the previous concepts, combined with modular arithmetic, to determine the place of the card.

Reflection:  When I performed this activity for the first time at the Bayview math circle, I was a little under-prepared.  My partner teacher and I had discussed reviewing modular arithmetic for the students before the activity.  I had been working on perfecting my execution and understanding of the actual activity, and had forgotten to prepare anything on modular arithmetic.  As such, my presentation of the subject felt sloppy.  While I feel I understand the concept fairly well, teaching it with no prior experience in doing so is challenging.  The odometer analogy above was recommended after the lesson.


Having multiple instructors was essential.  I would not have been able to facilitate this activity to a large group of students.  At the Bayview math circle, we have at least five instructors each week.  Without an army of adults, one would need a projector to display the cards to the entire class, as I feel things would quickly get out of hand with each group of students having a deck of cards at their disposal.  Knowing students are prone to playing card games, I separated the decks prior to the activity, so each group had exactly 27 cards at their disposal.  This helped keep students on task.


I don't believe any students discovered the secret to the full version of the trick themselves.  Upon organizing the cards, some tables made considerable progress, while others did not.  I feel many of the instructors demonstrated the activity, gave the students a couple minutes, and then told them how it works.  Since we don't have a consistent group  of students each week at our math circle, I can see why this is essential—we want the students to come away with something fun and mathematically engaging.  However, I think a better strategy would have been to show the students how a simpler version of the trick works, and then leave them with the complicated version.  Perhaps the full trick should never be demonstrated, but rather the card should be ordered by suit and number, and the activity demonstrated in that fashion.  This will still take the students some time to figure out.  After a significant number of the students solve the puzzle, have several present their solutions.  The circle can close with the demonstration of the new trick.


Besides  my stumbling through a mini lesson on modular arithmetic, I think the activity at Bayview went very well.  Students all enjoyed themselves, and were very engaged the entire time.  When presented with the solutions, they were excited, and many wrote down directions so as to present this trick to friends.  If I were to judge the activity on its ability to engage students, maintain interest and increase enrollment, it should be considered a complete success.  If I were more concerned with students' mathematical understanding of the activity, I come off feeling more neutral.  Even after the students had the trick explained to them, their understanding of the mathematics of it was shaky at best.  In addition to the aforementioned changes, next time more probing questions should be asked:


How can I modify the number of cards, or is it possible to?


How does modifying the number of cards change the trick?


What if I arrange the cards differently?


A worksheet I handed out (which was mostly ignored) has other questions on it.  The worksheet was intended to help students working without an instructor, and to lead the students and instructors in useful directions.


I also would have liked to break this activity into several sections.  Overall, I'm learning that in math circle there's no benefit to rushing through things, and I think that occurred during this activity.  Having an extra 45 minutes to discuss the activity would have greatly benefited students and instructors—I don't know that many of them fully understood why the full version of the trick worked.


Overall, this is definitely an activity I'd like to lead again.  With new ideas on how to teach it, as well as more time, I think it could serve as a good introduction to combinatorics and modular arithmetic.

